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1 Introduction

1.1 Poincaré’s lemma

Poincare’s lemma:
If U ⊂ Rn is a star-shaped open set,Hp(U)=0, for ∀p>0

1.2 Pushback

1.2.1 Design

Suppose a map f : V −→W in manifoldN , f∗ : Alt∗(W ) −→ Alt∗(V ),if(f∗ω)(ξ1, · · · , ξp) :=
ω(f(ξ1), · · · , f(ξp)),the f∗isPushback.Itlookslikeaninversefunctionwithit′sprimitivefunction.

1.2.2 Lemma

Suppose f : V −→W is a linear map,ωp(W ), η(W ),
thenf∗(ω ∧ η) = f∗ω ∧ f∗η

1.2.3 Proof

Let ∀(ξ1, · · · , ξp+q) ∈ V p+q

f∗(ω ∧ η)(ξ1, · · · , ξp+q) = (ω ∧ η)(f(ξ1), · · · , f(ξp+q))
=

∑
σ∈S(p,q) sign(σ)ω(f(ξσ(1), · · · , f(ξσ(p))))η(f(ξσ(p+1), · · · , ξσ(p+q)))

=
∑

σ∈S(p,q) sign(σ)f
∗ω(ξσ(1), ḑots, ξσ(p))f

∗η(ξσ(p+1), · · · , ξσ(p+q))

= (f∗ω∗η)(ξ1, · · · , ξp+q)
⇒ f∗(ω ∧ η) = f∗ω ∧ f∗η

1.2.4 Pushback in differential

ϕ’s differential Dxϕ : Rn → Rm (linear map),Define the pullback (Dxϕ)
∗ :

Altp(Rm) → Altp(Rn) for ϕ : U1 −→ U2, ω ∈ Ωp(U2),and ϕ
∗(ω) : U1 → Altp(Rn)

is (ϕ∗(ω))x := (Dxϕ)
∗(ωϕ(x))

∀ξ1, · · · , ξp ∈ Rn,(ϕ∗(ω))x(ξ1, · · · , ξp) := ωϕ(x)((Dxϕ)(ξ1), · · · , (Dxϕ)(ξp))

Example1 1-form:Consider Coordinate functions yi(yi(
∑
cj

∼
ej) = ci) in Rm

ω = dyi ∈ Ω1(U2)
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(ϕ∗(dyi))x(ξ) = (dyi)ϕ(x)((Dxϕ)(ξ))

=dyi(
∑

k dϕk(ξ)
∼
ek) =

∑
k dϕk(ξ)δik

i=k
= dϕi(ξ) ⇒ ϕ∗(dyi) = dϕi

Example2 0-form:f ∈ Ω0(U2), Letϕ
∗f := f ◦ ϕ. If ϕ = (ϕ1, · · · , ϕm),

then ϕ∗(dyj) = dϕj =
∑

i
∂ϕj

∂xi
dxi

2 Proof

Suppoese U is a star-shaped about the origin 0 ∈ Rn

The equivalent propositions of Poincaré is existing a linear operatorSp :
Ωp(U) → Ωp−1(U) such that d ◦ Sp + Sp+1 ◦ d = id for p > 0

Suppose ω ∈ Ωp(U) and dω = 0, p > 0,by the equivalent propositions,ω =
d(Sp(ω)) + Sp+1(dω) = d(Sp(ω)) ∈ dΩp−1(U)

Since d(Sp(ω)) = ω for a closed p-form. All closed p-form are exact form,and
Hp(U) = 0

Define
∧
Sp : Ωp(U × R) → Ωp−1(U)

For ∀ω ∈ Ωp(U ×R),having ω =
∑

I fI(x, t)dxI +
∑

J gJ(x, t)dt∧ dxJ where
I=(i1, · · · , ip), 1 ⩽ i1 < · · · < ip ⩽ n, J = (j1, · · · , jp−1), 1 ⩽ j1 < · · · < jp−1 ⩽
n ,andfI , gJ ∈ C∞(U × R).Especially,the first one doesn’t contain t(dxI),and
the second is the opposite(dt ∧ dxJ).

Let
∧
Sp(ω) :=

∑
J(
∫ 1)gJ (x,t)dt)dxJ

0

then d
∧
Sp(ω)+

∧
Sp+1(dω) =

∑
J d(

∫ 1

0
gJ(x, t)dt)∧dxJ+

∧
Sp+1(

∑
I

∂fI
∂t dt∧dxI+∑

J,i
∂gJ
∂xi

dxi ∧ dt ∧ dxJ + dxterms)

=
∑

J,i

∫ 1

0
( J

∂xi
(x, t)dt)dxi∧dxJ+

∑
I(
∫ 1

0
∂fI
∂t dt)dxI−

∑
J,i

∫ 1

0
( J

∂xi
(x, t)dt)dxi∧

dxJ
=
∑

I fI(x, 1)dxI −
∑

I fI(x, 0)dxI
Define a map ϕ : U × R → U, ϕ(x, t) := ψ(t)x
and ψ(x) ∈ C(∞)(R), 0 ⩽ ψ(t) ⩽ 1, ψ

′
(t) ≥ 0,

and ψ(t) =

 0 if t ≤ 0
1 if t ≥ 1

ψ(x) if 0 < t < 1
For ω =

∑
I hI(x)dxI ∈ Ωp(U)

ϕ∗ω =
∑

I hI , (ψ(t)x)d(ψ(t)xi1) ∧ · · · ∧ d(ψ(t)xip)
=
∑

I hI(ϕ(t)x)(ψ
′
(t)xi1dt+ ψ(t)dxi1) ∧ · · · ∧ (ψ

′
(t)xipdt+ ψ(t)dxip)

=ψp(t)
∑

I hI(ψ(t)x)dxI +
∑

J gJ(x, t)dt ∧ dxJ
By the result of Sp,

dSp(ϕ
∗ω) + Sp+1(dϕ

∗ω)
=ψp(1)

∑
I hI(ψ(1)x)dxI − ψp(0)

∑
I hI((0)x)dxI

=
∑

I hI(x)dxI = ω

Define Sp := Sp ◦ ϕ∗andSp : Ωp(U × R) → Ωp−1(U).Noticed dϕ∗ = ϕ∗d
then dSp(ω) + Sp+1(dω) = doversetSp(ϕ

∗ω) + oversetSp+1(dϕ
∗ω) = ω
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