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ABSTRACT
In this study, a method regarding frame lateral vibration control
basedon the state feedbackof an additional oscillator is proposed, so
as to improve thebogie hunting stability. Themulti-objective optimi-
sation method (MOOP), with two objective functions of the stability
index and control effort, is solved by the NSGA-II algorithm to obtain
the feedback gains. The frame lateral vibration control can effectively
improve the bogie hunting stability according to the linear and non-
linear analysis of a high-speed train bogie, in which a fault of the yaw
damper and time delay in the control system are considered. The
effect of the oscillator suspension parameters and time delay on the
system stability and robustness are analysed. The results show that
the damped vibration frequency of the oscillator should be equal to
the bogie hunting frequency, but a harder oscillator suspension can
be used to improve the hunting critical speed margin of the bogie
control system. However, just as how the feeding the frame states
backdirectly, a hardoscillator suspensionwill lead to instability in the
control system at a certain time delay. Therefore, the improvement
of bogie hunting stability and reduction of control system stability
must be considered when optimising the oscillator parameters. For
the 350 km/h train bogie covered in this study, the optimal mass,
natural frequency and damping ratio of the additional oscillator are
acquired.
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1. Introduction

The application of active controls to railway vehicles has garnered increasing attention in
recent years. Most of the research concerns tilting train control and the secondary sus-
pension semi-active or active control, in order to enhance the vehicle lateral and vertical
smoothness for greater ride comfort, and to reduce high-frequency elastic vibration in the
car body [1,2]. As the effects of bogie primary suspension on the critical velocity of railway
vehicles have been thoroughly studied, researchers have proposed the use of semi-active
and full-active suspension control to improve the lateral stability of the train [3–10]. Many
different approaches for active primary suspensions have been reported in previous studies
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[11]. The lateral stability of train employing inerters suspension has been investigated and
the inerters are deemed effective in improving the lateral stability [12–14]. Feedback con-
trol systems can be applied either directly or indirectly [15]. The direct control involves
the application of an actuator onto a solid wheelset or axle with independently rotating
wheels. A practical compromise is to indirectly apply a yaw torque at the secondary sus-
pension level, a concept known as ‘Secondary Yaw Control’ (SYC). The actuators may be
designed to replace the traditional passive yaw dampers, so that active control of the run-
ning gear can be introduced without a substantial redesign of the bogie, which signifies
that radical simplifications of the vehicle design may be limited [16].

In the active control design for trains, the lateral hunting stability of railway vehicles
at high speed is one of the greatest dynamic problems, in which the conflict between the
hunting stability and curving performance is well known [17]. When the vehicle runs on
poor tracks or in a poor operating environment, the suspension performances may change
during service, due to tread wear and component failure. Loss of the lateral stability causes
poor ride comfort and even derailing accidents. Active control of high speed trains is a great
alternative to passivemethods, because of their flexibility. There has been a great number of
studies regarding the use of active control onto the solidwheelset or independently rotating
thewheel to improve the stability of the bogie orwheelset, while the control schemehas also
been used to improve the curving performance [18–20]. However, the direct application
of active control onto wheelsets to improve the running stability still faces challenges in
practice.

In the present study, the authors presented an indirect method for improving the bogie
hunting stability, by means of controlling the frame lateral vibration with the motor active
flexible suspension of a high-speed train bogie [21]. The control is effective in improving
the hunting stability. However, the time delay is harmful toward the stability of the bogie
control system, particularly when the control acting on the frame is calculated based on
the linear feedback of the frame states. The frame lateral vibration control is practical and
low risk. In this paper, with the purpose of reducing the influence of delay on the stability
of the bogie control system, the frame lateral vibration control with the state feedback of
an additional oscillator is proposed. A linear dynamic model of a 350-km/h train bogie
with a faulty yaw damper and time delay in the control system is taken as an example
and is presented in Section 2. A multi-objective optimisation problem (MOOP) with two
objective functions of the stability index and the control effort in terms of the feedback
gains is presented in Section 3 and is solved using theNSGA-II algorithm. The effects of the
oscillator suspension parameters and time delay on the system stability and robustness are
analysed. Finally, the non-linear stability and time domain responses of the bogie control
system are analysed to verify the control design.

2. Active control of frame lateral vibration

2.1. Bogie linearmodel

In this study, the wheelset movement is indirectly controlled by controlling the frame lat-
eral vibration, so as to improve the hunting stability. The active control efforts acting on the
frame are based on the feedback states of two additional oscillators fixed on the frame. Two
mass inertial actuators, respectively, mounted on the front- and rear end beams, are used to
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Figure 1. The bogie model with the additional oscillator.

exert the lateral vibration control. The simplifiedmodel of this system is shown in Figure 1.
This model describes a lateral movement of a two-axle bogie. We assume that the lateral
position of the car body is pre-determined, and that the bogie frame is connected with a
fixed coordinate system through the secondary suspension, such as a spring and damper in
the longitudinal and lateral directions. The bogie has two solid axle wheelsets, which are
attached to the bogie frame via suspension springs in the longitudinal and lateral direc-
tions. The additional oscillator is connected to the side beam of the frame by the elastic
and damping elements. The frame and wheelset in the model have lateral and yaw degrees
of freedom, while the oscillator has only a lateral degree of freedom. The dynamic model
was found to have five rigid bodies and eight degrees of freedom. The model describes the
lateral movements of the bogie and reads,

Mbÿ + Cbẏ + Kbẏ+ = q + Eu + wd(t), (1)

where y = [yw1,ϕw1, yw2,ϕw2, yf ,ϕf , yo1, yo2]T. The states yw1, yw2, yf , yo1 and yo2 are the
lateral displacements of wheelset 1, wheelset 2, frame, oscillator 1 and oscillator 2, respec-
tively. ϕw1, ϕw2 and ϕf represent the yaw angles of wheelset 1, wheelset 2 and frame.Mb,Cb
andKb are the mass, damping and stiffness matrices of the bogie system. q = −Kry − Crẏ
represents the wheel–rail interaction forces under the assumption that the spin creep
forces of the wheelset are negligible. The elements of the matrices Kr and Cr are listed
in the appendix. The total stiffness matrixK = Kb + Kr of the system is non-symmetrical
becauseKr is asymmetric stiffness. The off-diagonal elements ofKr represent the coupling
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of thewheelset lateral and yawmovements caused by the interaction of wheel and rail in the
tangential direction, which inputs energy into the system and is responsible for the unstable
hunting motion of the high-speed train. The total system damping matrix C = Cb + Cr is
symmetrical.Cr is related to the speed v. As v increases, the damping decreases. In a period
of hunting motion, if the input and the consumed energy of the bogie are equal, the lin-
ear system is in the critical stability state. The corresponding v is the linear critical speed.
u = [u1, u2]T is a vector of the lateral active control forces applied on the bogie frame by
two inertial actuators located on the front and rear beams, respectively. E is the control
influence matrix. These matrices and vectors are listed in the appendix. The values and
definitions of system parameters are listed in reference [21]. In order to study the effects of
active control on improving the bogie hunting stability, the damping of yaw damper is cho-
sen to be one fourth of its design value such that the bogie is in a faulty state. The vector w
is defined asw = [kpy, 0, kpy, 0, 0, 0, 0, 0]T. d(t) is the external disturbance on the wheelsets
due to, for example, track irregularity.

2.2. State equation

The state equation of the system can be written as follows [21]:

ẋ(t) = Ax(t)+ Bu(t)+ Fd(t), (2)

where the state vector is defined as

x = [yw1 ,ϕw1 , yw2 ,ϕw2 , yf ,ϕf , yo1 , yo2, ẏw1 , ϕ̇w1 , ẏw2 , ϕ̇w2 , ẏf , ϕ̇f , ẏo1 , ẏo2]
T. (3)

The system matrices A and B, and the vector F are given by

A =
[

08×8 I8×8

−M−1K −M−1C

]
, (4)

B =
[
08×2

M−1E

]
, F =

[
08×1

M−1w

]
. (5)

In this study, the control forces are applied to the frame to indirectly influence themotion of
the wheelset. The bogie control system is under-actuated [22].We consider a state feedback
control of a subsystem, which consists of the frame and two oscillators. The subsystem has
eight state variables. We then rearrange the order of the state variables in Equation (3) as
follows:

xN =
[
xN1

xN2

]
, (6)

where xN1 = [yf ,ϕf , yo1 , yo2 , ẏf , ϕ̇f , ẏo1 , ẏo2 ]T and xN2 = [yw1 ,ϕw1 , yw2 ,ϕw2 , ẏw1 , ϕ̇w1 , ẏw2 ,
ϕ̇w2 ]T. xN1 denotes the state variables of the subsystem.

Let T be a matrix that transforms the state vector x into the new one, in which xN(t) =
Tx(t). The matrices and vectors of the transformed system are given by

AN = TAT−1 =
[
AN11 AN12

AN21 AN22

]
,
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BN = TB =
[
BN1

08×2

]
, FN = TF =

[
08×1

FN2

]
. (7)

The state equation for the subsystem reads

ẋN1 = AN11xN1(t)+ AN12xN2(t)+ BN1u(t),

z(t) = DxN1(t), (8)

where D is the output matrix for the subsystem and is listed in the appendix. It can
be determined that (AN11,BN1) is controllable. AN12xN2(t) acts as a disturbance to the
subsystem.

Consider an output feedback control u = −Kcz(t), where Kc is the feedback gain
matrix. We choose the relative displacement from the oscillator mass to the installation
point on the frame, and the lateral absolute velocity of oscillator mass as the output z is
defined as

z = [yo1 − (yf + Loϕf ), yo2 − (yf − Loϕf ), ẏo1 , ẏo2 ]
T. (9)

Using this control law, the closed-loop dynamic matrix of the system reads

Acl = AN − BN[Kc 0]. (10)

We have found that when a control gainKc is selected to stabilise subsystem (8), the overall
closed-loop system Acl is also stable. Nevertheless, the stability of the closed-loop system
places a constraint on the control design. Aside from the stability of the closed-loop system,
the stability margin and energy efficiency of the controller should also be considered in the
design. These requirements will be set up and defined in Section 3.

For the motion equation of a single wheelset with an elastic primary suspension, the
lateral and yaw movement of the wheelset are coupled by the wheel–rail tangential forces.
The lateral and yaw frequencies of the wheelset are the same, while their phase angles are
different. The expression of lateral stiffness ko and damping co of the oscillator suspension
are defined as follows:

ko = (2π fo)2mo,

co = 2ξomo(2π fo),
(11)

where fo is the oscillator natural frequency in Hz. It is also known as the oscillator sus-
pension frequency. ξo is the oscillator damping ratio, and mo is the mass of oscillator
in kg.

3. Multi-objective optimal control

3.1. Multi-objective optimal control design

Amulti-objective optimisation based on genetic algorithm is adopted to optimise the con-
trol gain and oscillator suspension parameters. We consider the gain Kc = [k1, . . . , kn] as
the design parameters for the system discussed in Section 2. The states of relative displace-
ment to the installation point and lateral absolute velocity of the oscillator mass are fed
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back, and the control gains of the two actuators at the two ends of the frame are differ-
ent. Therefore, n is 4. The system stability margin and energy efficiency of the controller
are the objectives of the control design. The multi-objective optimal design problem is
stated as

min
{
ζmax,KT

c Kc

}
, (12)

where ζmax denotes themaximum ratio between the real part and themodulus of eigenval-
ues of the matrix Acl defined in Equation (10), and describes the stability margin of linear
systems (a negative sign indicates a stable system). The term KT

c Kc denotes the Frobenius
norm of the control gain matrixKc. Due to the fact that the control system is optimised for
zero initial conditions, the control effort cannot be included directly in the objective space,
and its Frobenius norm is used instead. By minimising this norm, the total control energy
is also minimised.

The NSGA-II algorithm is used to solve the MOOP. Most of the default settings of the
algorithm are retained, with only two parameters being changed, namely population size
and generation number. In this study, the population size is set to 500, and the number of
generation is set to 1000.

3.2. Multi-objective optimal control results

First, the optimal oscillator suspension parameters are designed.We consider the objective
ζmax. The suspension frequency fo and damping ratio ξo are used as the design parameters.
The calculation range of fo is from 0 to 10Hz, and the range of ξo (a positive sign indicates
a stable value) is 0 to 1. Figure 2 shows the maximum damping ratio ζmax of the bogie
control system at different oscillator suspension parameters. In subgraphs (a) and (b), the
mass of oscillatormo is 10 and 850 kg, respectively. The latter is the weight of motor in the
power bogie. The flexible suspension motor can be used instead of the additional oscilla-
tor in some motor bogies [23,24]. The results show that the influences of the suspension
parameters on the system stability with the two types of mass are basically the same. The
larger fo and ξo are, the more stable the system will be. For the flexible suspension of the
oscillator mass, the fo and ξo respectively are set to 5Hz and 0.5 in the following studies
according to the optimisation results.

Figure 2. The contour ofminimum ζmax that can be achieved byMOOPwith different oscillator suspen-
sion parameters: (a) oscillator mass is 10 kg and (b) oscillator mass is 850 kg.
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Figure 3. The Pareto front of MOOP: (a) the mass of oscillator is 10 kg and (b) the mass of oscillator is
850 kg.

Figure 3 shows the Pareto front of the bogie control system with the oscillator suspen-
sion parameters. The Pareto front illustrates a conflicting relationship between ζmax and
KT
c Kc. With the increase of control effort, the bogie gradually becomes more stable. How-

ever, the system stability cannot be increased infinitely with the increasing of control effort,
and theminimum ζmax are−0.16 and−0.21 at the two types ofmass. This is due to the fact
that the frame vibration modal damping determines the minimum ζmax, according to the
root locus analysis in Section 5. The Pareto front highlights the importance of the MOOP
design. By having different design options, the decision maker can choose any point from
the solution set which meets the performance requirements. It may be seen from the fig-
ures that the bogie linear model with a fault of yaw damper is in a critical stable state before
applying the control at the speed of 350 km/h, and the active control can effectively improve
the system stability. The ζmax is preset to be ζset = −0.15, so as to determine the feedback
gain from the Pareto set. In some cases, the minimum ζmax of the system with optimal

Figure 4. The effect of oscillator mass on the system stability with different oscillator suspension
parameters.
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gains is calculated by MOOP larger than −0.15. We choose the preset values ζset, so that

ζset = max{min(ζmax),−0.15}. (13)

Figure 4 shows the influences of mo on the minimum ζmax for different oscillator suspen-
sion parameters. We can conclude that a greater oscillator mass is beneficial to improving
the system stability, especially with a harder oscillator suspension. The oscillator mass may
be that of the suspended motor. Moreover, the mass and suspension parameters of the
oscillator affect the vibration frequency and phase relative to the frame, and subsequently
the frequency and phase of the active control force.

4. Time-delayed control

The time delay in the control changes the phase of the active control force and may neg-
atively influence the control performance. In a feedback control system, time delay is
inevitable. In this section, the influence of time delay in the control system on the bogie
hunting stability is analysed using the continuous time approximation (CTA) method
[21,25].

4.1. The stability analysis

It is quite easy to analyse the stability of a linear time delay system using the CTAmethod.
In this study, the delayed part of the state vector is extended to 20 points, and the feed-
back gains are selected based on the ζset in Equation (13). The effects of time delay with
different oscillator parameters and bogie running speeds on the system stability are dis-
cussed in the present section. Figure 5 shows the calculated maximum damping ratio ζmax
byMOOP versus time delay τ at different oscillator mass and running speeds. fo and ξo are
assumed as 5Hz and 0.5 to achieve these results. Subgraphs (a), (b) and (c) are the results
at speeds of 200, 350 and 500 km/h, respectively. At speeds below 350 km/h, the ζmax of
the system basically equals ζset when the τ is less than 1ms. When τ is about 15ms, a
small oscillator mass will reduce the system stability, especially in a low-speed range. At
the speed of 500 km/h, due to the function of vibration absorbing, the system stability with

Figure 5. The effect of timedelay on the system stabilitywith different oscillatormass: (a) v= 200 km/h;
(b) v= 350 km/h; (c) v= 500 km/h.



VEHICLE SYSTEM DYNAMICS 397

Figure 6. The effect of time delay on the system stability with different oscillator suspension parame-
ters: (a) v= 200 km/h, ξo = 0.5; (b) v= 200 km/h, fo = 0.5; (c) v= 350 km/h, ξo = 0.5; (d) v= 350 km/h,
fo = 0.5; (e) v= 500 km/h, ξo = 0.5; (f ) v= 500 km/h, fo = 0.5.

a large oscillator mass is much better than the system with a small oscillator mass when
the τ is smaller than 100ms. In general, a large oscillator mass is conducive to the system
stability.

Figure 6 shows the calculated ζmax versus τ at different oscillator suspension param-
eters and running speeds. The oscillator mass md is designated as 10 kg to achieve these
results. With the increase of τ , the ζmax increases and the system stability reduces, espe-
cially at 15ms. The harder the oscillator suspension is, the more the stability reduces as
the τ increases. However, the appropriate oscillator suspension parameters can reduce this
phenomenon. That is the reason why using an additional oscillator to provide the feed-
back states but the bogie frame, yet using a hard oscillator suspension can improve the
bogie hunting stability at high speeds, such as 500 km/h. For a bogie adopted in a 350-
km/h train, the optimised oscillator suspension frequency fo and damping ratio ξo are
respectively set as 5Hz and 0.5 in this study. With this oscillator suspension parameter
set, the feedback gain values of the oscillator relative displacement and the absolute veloc-
ity are 1858N/m and 40,630N/m·s−1, respectively, when the system maximum damping
ratio ζmax is−0.15.With these suspension parameters and amass of 10 kg, the delay below
20ms basically has no effect on the system stability at the speed of 350 km/h, but it still
reduces the stability, especially at 15ms, when the speed is less than 350 km/h. Moreover,
an appropriate time delay, such as 20–40 ms, can be used to improve the system stability
at speeds below 350 km/h. Therefore, we can use the feedback delay to improve the Active
Vibration Suppression [26].
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4.2. Optimal oscillator suspension parameters

According to the analysis in Section 4.1, the time delay in the control system has a signifi-
cant impact on the stability of the bogie control system. However, an appropriate oscillator
suspension parameter is helpful to improving the system stability and counteracting the
negative effects caused by delay. The delay of 15ms is the most unfavourable, regardless
of what the calculation condition is. In this section, the optimised oscillator suspension
parameters are analysed to determine a better system stability at the delays of 0 and 15ms,
respectively. Figure 7 shows the contour of ζmax versus fo and ξo. The oscillator mass is
designated as 10 kg, and the ζset in Equation (13) is used to obtain the control gains. Sub-
graphs (a), (c) and (e) show the results with a delay of 0ms at the speeds of 200, 350 and
500 km/h, respectively. Subgraphs (b), (d) and (f) show the results with a delay of 15ms at
the speeds of 200, 350 and 500 km/h, respectively. When there is no delay, the larger the fo
and ξo will be, the more stable the system is. However, if the delay of 15ms is considered,
a large fo and ξo are harmful to the system stability, and the optimal suspension parame-
ters will be different at different running speeds. The optimal fo is about 3, 5 and 7Hz at
the speeds of 200, 350 and 500 km/h, respectively. The relationship between the optimal fo
and ξo resembles a hyperbola, in which the larger fo is, the smaller the corresponding ξo is
needed to be.

4.3. Robustness to system parameters

In order to investigate the dynamics performance of the bogie after applying active con-
trol, as well as the control robustness of the system with different oscillator suspension

Figure 7. The optimal oscillator suspension parameters in different calculation conditions: (a)
v= 200 km/h, τ = 0ms; (b) v= 200 km/h, τ = 15ms; (c) v= 350 km/h, τ = 0ms; (d) v= 350 km/h,
τ = 15ms; (e) v= 500 km/h, τ = 0ms; (f ) v= 500 km/h, τ = 15ms.
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Figure 8. The linear system stability index with different parameters: (a) speed v, τ = 0ms; (b) speed v,
τ = 15ms; (c) equivalent conicity λe, τ = 0ms; (d) equivalent conicity λe, τ = 15ms; (e) yaw damper
damping csx , τ = 0ms; (f ) yaw damper damping csx , τ = 15ms.

parameters, the influences of the bogie dynamic parameters on the system stability, such
as running speed v, wheel–rail equivalent conicity λe and yaw damper damping csx, are
analysed. The oscillator mass of 10 kg and ξo of 0.5 are defined. The ζset in Equation (13) is
used to obtain the control gains. Figure 8 shows the calculated maximum system damping
ratio ζmax of the bogie control system with the changing of v, λe and csx, respectively. In
each subgraph, the horizontal axis shows the varied dynamics parameter within a certain
range, and the vertical axis is the ζmax. Subgraphs (a), (c) and (e) are the results with a delay
of 0ms at fo of 3, 5, 7 and 9Hz. Subgraphs (b), (d) and (f) are the results with a delay of
10ms.

Subgraphs (a) and (b) reflect the influence of running speed v on the ζmax. The system is
most stable at speeds in the range from 200 to 350 km/h, in particular fo is 5Hz. The ζmax
changes slightly if the fo is larger than 7Hz, which signifies a strong robustness against
the perturbation of v, but it is not suitable for the dynamics requirements of the train. In
subgraphs (c) and (d), just like v, if the fo is smaller than or equal to 5Hz, the effect of
the λe on the ζmax is most favourable in a new wheel–rail contact state, in which the λe is
between 0.1 and 0.2. Subgraphs (e) and (f) show the influence of the yaw damper damping
csx on the system stability. The stability improves with the increase of csx, in particular the
fo is 5Hz. We may thus conclude that the robustness of a control system with a large fo is
better than a system with a small fo, but an appropriate fo, such as 5Hz, is conducive to the
dynamics of the train. When a delay of 15ms is considered, the stability of the system with
a large fo will worsen significantly.
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5. State feedback of the oscillator

The root loci of the bogie under frame lateral vibration control based on the state feedback
of an additional oscillator at different running speeds are studied to analyse the state feed-
back mechanism of the additional oscillator. The feedback gains are selected based on the
ζset in Equation (13). Figure 9 shows the root loci of the systemwith different oscillator sus-
pension parameters and time delay in the control system. Each root locus is composed of
30 sets of characteristic roots in the speed range from 20 to 600 km/h and each ‘+’ indicates
the corresponding mode information. A larger symbol represents a larger running speed.
The horizontal axis indicates the mode damping ratio ζ (a negative sign indicates a stable
value), which is the ratio of the real part to the modulus of eigenvalues of the matrix Acl
defined in Equation (10). The vertical axis indicates the damped vibration frequency, which
is the imaginary part of the eigenvalues. Typically, as the speed increases, the damping of
the hunting-related mode reduces. When the ζ is greater than 0, the hunting movement
is unstable. In most cases, the low-frequency hunting mode determines the bogie hunting
critical speed.

The CTA method is used to extend the dimension of the original system matrix. Com-
pared to the system without delay, the time delay system has a greater number of vibration
modes with a large damping ratio, but the large damping ratio does not affect the sys-
tem dynamic performances. Additionally, the time delay affects the damping ratio of the
low-frequency hunting mode, in turn affecting the system stability.

In Figure 9, subgraph (a) shows the results after applying control, inwhich the time delay
τ is 0ms and the oscillator parameters fo and ξo are 5Hz and 0.5, respectively. Subgraph

Figure 9. The root locus of the bogie control system in different calculation conditions: (a) fo = 5 Hz,
ξo = 0.5, τ = 0ms; (b) enlarged view of (a); (c) fo = 5 Hz, ξo = 0.5, τ = 15ms; (d) enlarged view of (c);
(e) fo = 9 Hz, ξo = 0.9, τ = 15ms; (f ) enlarged view of (e).
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(b) shows the partial enlarged view of the low-frequency hunting mode. The bogie linear
critical speed is 520 km/h under this calculation condition. Subgraph (c) shows the results
of the bogie control system, inwhich the time delay τ is 15ms and the fo and ξo are 5Hz and
0.5, respectively. Subgraph (d) is the partially enlarged view of subgraph (c), which shows
that the critical speed is 460 km/h. Comparedwith subgraph (b), the bogie hunting stability
improves significantly in the low- to mid-speed range, in which the hunting frequency is
close to the oscillator natural frequency. However, it reduces in the high-speed range when
the delay is considered. The damping ratio of the frame lateral vibration mode, of which
the frequency is about 20 Hz, determines the system stability margin in low-speed range.
Thismode damping reduces especially at low speed due to the time delay. This is the reason
for which the improvement of system stability caused by time delay in the low-speed range
is not significant. Subgraph (e) shows the results of the bogie control system, in which
the delay τ is 15ms, and the fo and ξo are 9Hz and 0.9, respectively. Using the harder
suspension is equivalent to feeding the state of frame back directly. Subgraph (f) is the
partial enlarged view of subgraph (e). Compared with the subgraph (d), the bogie hunting
stability improves especially in the high-speed range. However, the mode damping ratio
of the frame lateral vibration is larger than 0, which signifies the instability of the control
system. This instability is caused by the combination of a hard oscillator suspension and
time delay in the control system.

In summary, the active control efforts can suppress the structure vibration, of which the
frequencies are the same as the frequencies of the control efforts and feedback states.When
an additional oscillator is used to provide the feedback states, the structure vibration of the
oscillator response frequencies will be significantly weakened. The delay in the control sys-
temwill affect the phase of the active actuator outputs, thus affecting the effects of vibration
control. In this bogie control system, a delay of more than 20ms reduces the bogie hunting
stability at high speed. At the same time, it also helps to improve the bogie hunting stabil-
ity within a certain speed range, in which the hunting frequency is close to the oscillator
damped frequency, as shown in subgraph (d). In addition, the harder oscillator suspension
is conductive to feeding the frame states back synchronously, thus suppressing the hunting
movement and improving the bogie running stability more effectively, as shown in sub-
graph (f). However, the harder oscillator suspension will lead to instability of the control
system at a certain time delay easily. Therefore, the improvement of bogie hunting stability
and the reduction of control system stability must be considered when we optimising the
oscillator parameters.

6. Non-linear stability analysis

A railway vehicle is a typical non-linear dynamic system, which is mainly reflected in the
non-linear characteristics of the wheel–rail contact relationship and the suspension ele-
ments. The non-linearity of wheel–rail contact includes the wheel–rail contact geometry
and saturation of wheel–rail creep force. In this study, a non-linear bogie lateral dynam-
ics model was established, and the non-linear bifurcation of the bogie hunting under the
frame vibration control was analysed using a direct integral method. The non-linear char-
acteristics of wheel–rail contact geometry and creep saturation are considered in the bogie
non-linear dynamics model. Based on a previous linear dynamics model, the wheel–rail
contact equivalent conicity λ′

e can be expressed by a polynomial which is a non-linear
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function of the wheelset lateral displacement yw. The polynomial and λ′
e at different

wheelset lateral displacement are shown in reference [21]. Shen’s method [27] was adopted
to calculate the wheel–rail non-linear creep force.

According to the results of the linear stability analysis, the control system with a hard
oscillator suspension stiffness is shown to have a strong robustness. The maximum damp-
ing ratio ζmax of the bogie system is close to the ζset in Equation (13), regardless of how
fast the bogie running speed is. Therefore, the bogie hunting non-linear bifurcation does
not exist under these calculation conditions. However, the time delay over 10ms will lead
to instability in the control system. In this section, the non-linear model was simulated to
verify the linear system analysis. Figure 10 shows the wheelset lateral displacement curves
of the bogie non-linear model under different parameter conditions. The bogie running
speed is 350 km/h in the time domain simulation. Subgraph (a) shows the results before
applying the active control with and without the fault of csx, respectively. It can be observed
that the hunting of bogie with the fault of csx is unstable at this speed. Subgraph (b) shows
the results after applying the active control with the delay of 0 and 15ms, respectively. The
oscillator suspension parameters fo of 5Hz and ξo of 0.5, as well as the fault of csx, are used.
The results show that the frame vibration control can significantly improve the bogie hunt-
ing stability, and the convergence velocity of the wheelset lateral displacement is close to
the non-fault systemwhen the delay is not considered. At the same time, the delay of 15ms
worsens the bogie hunting stability significantly. Subgraph (c) shows the results after apply-
ing active control with the delay of 15ms. The fo of 9Hz and ξo of 0.9, as well as the fault
of csx, are used. It can be observed that the delay of 15ms and hard oscillator suspension
parameters render the control system unstable.

The bogie hunting bifurcation can be obtained using the direct integration of the non-
linear model with a group of changed initial values, which is an approximate periodic
solution and was calculated by numerical integration. Figure 11 shows the bifurcation
curves of the wheelset lateral displacement versus the running speed under different con-
ditions. The blue points in the figure represent the stable limit cycles, and the red points
represent the unstable limit cycles. For the new wheel–rail contact, the bogie hunting has
a typical subcritical bifurcation in all cases. The corresponding speed of a point where its
vertical coordinate equals 0 is known as the linear critical speed, and the minimum speed
of the unstable limit cycle is the non-linear critical speed.

Figure 10. Wheelset lateral displacements in time domainwith different systemparameters: (a) uncon-
trolled; (b) fo = 5 Hz, ξo = 0.5; (c) fo = 9 Hz, ξo = 0.9, τ = 15ms.
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Figure 11. The wheelset lateral displacement bifurcation curves versus the running speed: (a) uncon-
trolled, without fault; (b) uncontrolled, with fault of csx ; (c) fo = 5 Hz, ξo = 0.5, τ = 0ms; (d) fo = 5 Hz,
ξo = 0.5, τ = 15ms; (e) fo = 7 Hz, ξo = 0.5, τ = 0ms; (f ) fo = 7 Hz, ξo = 0.5, τ = 15ms.

Subgraphs (a) and (b) are the results before applying the active control with and with-
out csx fault, respectively. The non-linear critical speeds are 420 and 310 km/h under the
two conditions, respectively. With the fault of csx, the bogie non-linear critical speed can-
not meet the requirement of running at the speed of 350 km/h. Subgraphs (c) and (d)
are the results after applying the active control with the delay of 0 and 15ms, respec-
tively. The oscillator suspension parameters fo of 5Hz and ξo of 0.5, as well as the fault
of csx are used. The non-linear critical speeds are 400 and 360 km/h under the two condi-
tions, respectively. Subgraphs (e) and (f) are the results after applying the active control
with the delay of 0 and 15ms. The fo of 9Hz and ξo of 0.5, as well as the fault of csx,
are used in this simulation. The non-linear critical speeds are 663 and 450 km/h in the
two conditions, respectively. It can be seen that the bogie hunting stability improves
significantly when a harder oscillator suspension is used. However, a harder oscillator sus-
pension with time delay in the control system will cause system instability, as shown in
Figure 10(c).

Based on the analysis of the linear system, the optimal oscillator suspension frequency fo
must be close to the bogie hunting frequency to improve the effects of active control. The
bogie hunting frequency increases with the increasing of running speed. Therefore, the
higher the bogie running speed is, the harder the oscillator suspension must be. A harder
oscillator suspension is used to improve the hunting critical speed margin of the bogie
control system. This requires for a variable stiffness for the oscillator suspension, since the
train runs in a range of speeds.
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7. Conclusion

(1) In this study, a method for frame lateral vibration control in high-speed train bogie was
proposed to improve the hunting stability. Two inertial actuators are respectively mounted
onto the front- and rear end beams of the frame, to exert the lateral active control efforts,
thus controlling the lateral vibration of the frame. The actuator outputs are calculated by
the linear state negative feedback of the states of two additional oscillators fixed on the
beams. The displacements of the oscillator relative to the frame and the absolute velocity
of the oscillator are taken as the state feedback. The multi-objective optimisation method
(MOOP), with two objective functions of the stability index, as well as the control effort
were solved using the NSGA-II algorithm leading to optimal feedback gains.

(2) The frame lateral vibration control can effectively improve the bogie hunting stabil-
ity, according to the linear and nonlinear analysis of a high-speed bogie, in which a fault
of the yaw damper and time delay in the control system are considered. The oscillator
parameters have important implications on the bogie hunting stability. A large oscillator
mass is conducive to the system stability and also adds more weight. The active control can
suppress the structural vibration, and is efficient when the frequencies of the structural
vibration and oscillator match, as expected. Therefore, the damped vibration frequency of
the oscillator should be close to the bogie hunting frequency. The faster the bogie runs, the
larger the oscillator suspension frequency must be. For the bogie in this study, the optimal
values of the mass, natural frequency and damping ratio of the oscillator are found to be
10 kg, 5Hz and 0.5, respectively, for the operating speed of 350 km/h.

(3) The effects of time delay in the control system on linear system stability are analysed
using the CTAmethod. The time delay in the control system affects the phase of the active
control output and worsens the system performance. In this study, it was observed that
a delay of greater than 10ms reduces the bogie hunting stability, especially when a hard
oscillator suspension is used. However, it was also found that the robustness of the control
against the perturbations of the system parameters with a hard oscillator suspension is
better than the system with a soft one, and that an appropriate oscillator suspension with
a damped frequency such as 5Hz is conducive to the dynamics. Clearly, the time delay is
important and must be considered in the multi-objective optimal design of the control.
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Appendix

The matrices of the bogie system in Equation (1) are listed below.

Mb =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

mw
Iw

mw
Iw

mf
If

mo
mo

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

Kb =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 −kpy −bkpy
0 −l21kpx

0 −kpy bkpy
0 −l21kpx

−kpy −kpy 2kpy + ksy + 2ko −ko −ko

−bkpy −l21kpx bkpy −l21kpx
l22ksx + 2l21kpx

+2b2kpy + 2l2oko
−loko loko

−ko −loko ko
−ko loko ko

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

Kr =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

kpy + kgy −2fη 0 · · · 0
2λel0fζ

r0
l21kpx + kgψ 0 · · · 0

0 0 kpy + kgy −2fη 0 0
2λel0fζ

r0
l21kpx + kgψ 0 · · · 0

... 0 0 0

...
...

...
. . .

. . .

0 · · · · · · 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,
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Cb =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0

0

0

0

csy + 2co −co −co
l22csx + l2oco −loco loco

−co −loco co
−co loco co

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

Cr =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2f η
v

2l20fζ
v

2f η
v

2l20fζ
v

0

0

0

0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

E =
[
0 0 0 0 1 le 0 0

0 0 0 0 1 −le 0 0

]T

,

D =

⎡
⎢⎢⎢⎢⎣

−1 −Lo 1

−1 Lo 1

0 0 1

1

⎤
⎥⎥⎥⎥⎦ .
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